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Abstract. Usually, thepathsoffreeparticlesin classicalrnechanics,specialrelativity,
orgeneralrelativityaredefinedbystatingthat thereexistcoordinatesystems,in which
thesepathsglobally or locallyobeylinearequations.Here, acoordinate-independent
characterizationofthesepathssolelyby elementaryandoperative incidenceproperties
is given.It is shownthat in 2dimensionsthePappusfigure (with9pathsand 9 inci-
dence points), and in 3 and more dimensionsthe Desargues figure(with 10paths and
10points) are thesimplestpossibleincidence figures for characterizingthe straight
pathsofan inertial structure.For thecase of general relativity, a suitablelocal modi-
fication of theDesarguespropertyis formulated:In everyr -neighbourhoodofevery
point, theincidencepointsandtheconnectingpathsoftheDesarguesfigure existupto
correctionsof order~ . It is thenproventhat this local Desarguespropertyuniquely
characterizesthe(projective)geodesicsofgeneralrelativity.

1. INTRODUCTION

The paths of <<free particles>>constitutethe basis (the kinematic frame) for all of
physics,as is especiallyevidentfrom the foundationsof classicalmechanics,special

relativity, and generalrelativity. Usually,thesepathsareintroducedby statingthat there

exist(global or local)coordinatesystems{
1a} andparametrizationsT suchthat all of

thesepaths x°(r) obeythedifferentialequation1~ = 0 . It should,however,beclear

that sucha coordinate-dependentcharacterizationof the basiselementsof physicsis in
no waysatisfying,andit doesnotgive any intuitive informationaboutthecharacteristic
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innerstructureof this manifoldof paths,e.g. in contrastto thepathsof chargedparticles

in anelectromagneticfield. The dissatisfactionwith this situation is masterlyexpressed

by Einstein [1]: ~<1quoteGalilei’s law of inertia asan example(fbr the mixing of state-

mentsaboutthemeansofdescriptionandstatementsabouttheobjectto hedescribed).It

readsin detailedformulation necessarilya~follows: Matterpoints, thatarc sufficiently

separatedfrom eachother,moveuniformly in astraightline — providedthat themotion

is relatcd to a suitablymovingcoordinatesystemand that thc time is suitably dcfined.

Who doesnot feel thepainfulnessof sucha formulation? But omitting the postscript

would imply a dishonesty>>.(Ourtranslation). Evena formally covariantcharacteriza-

tion of free fall pathsby TOVGTb= U with T°= doesnot contributevery much

to a (geometric)comprehensionof this pathstructure.In some,evenmodemtextbooks

on classicalmechanicsthe lackof clarification of thesebasicelementsof physicshas

theconsequencethatthe introductionof <<free particles>>andtheformulationof Galilei ‘s

law of inertia comenearto a vicious circle.

In orderto avoid this dangerof circularity, the safestway is to reduce,at leastin

principle, all statementsto themostprimitive, experimentallydecidablefacts, andthese

seemto bespace-timecoincidences(events).Historically, thenecessityfor suchareduc-

tion wasfirst stressedin 1915-1916by Kretschmann[2] and Einstein [3], in the sequel

of Einstein’spainful waveringbetweenonly partly andfully covariant formulationsof

a relativistic gravitationtheory: <<Reality is nothing but the totality of space-timepoint

coincidences>>[4]. Concerningthe free fall pathsandGalilei’s principleof inertia, this

posesthenaturalquestion:what is the minimal numberof particlepathsandpointsof

intersectionbetweenthem,thatallowsto characterizeuniquelythe freefall paths,in dis-

tinction from otherpath structures?In startingthis analysis,we havein mind at first the

pathsof free particlesin a2-dimensional(plane)gravitation-freeregion, i.e. theglob-

ally straight pathsof classicalmechanics.However, it turns out that this analysisand

its resultstransformin anaturalway andnearlyunchangedto an n-dimensionalspace,

respectivelyspacetime,andalsoto thelocal characterizationof freeparticlesin general

relativity.

In order to discriminate betweendifferent typesof paths (e.g. <<straight>> and

(<curved>>paths) it is necessaryto considerat least 3 points on eachof them. In or-

derthat thesepoints help to formulatesomecharacteristic(lawful) propertiesof paths,

thepointshaveto be definednot only by the (inevitable)crossingof 2 pathsbut by the

crossingof at least3 paths. (Duality betweenpathsandpoints!) Thesimplest<<figure>>

of this type is easilyseento consistof 7 pathsand7 points,andit is well knownin geom-

etryas thesimplestexampleof a finite projectiveplane,theso-calledFanoconfiguration
[5]. However,arealizationof sucha figure is possibleonly in an abstract~<plane>~over

a field of characteristic2, andnot in the <<physical>>continuousandorderedplane. A

similar situation occursfor the figure with 8 pathsand8 (nontrivial) points.

Thesimplestgeneric<<confinedconfiguration>>,that is realizablein thenormal plane
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consistsof 9 pathsand9 points, and is known from ancienttimes as the Pappusfigure
(fig. 1): If the verticesA, B, A’, B’, A”, B” of a planehexagonlie alternately
on two lines, then thepairs of oppositesidesmeetin collinearpoints e

1 , e2 , e3

We considerit a most remarkablefact (albeit it is mentionednowherein the physics
literature)thatthismathematicallysimplestnontrivial coincidencefigure allows, atleast

in theplane,to characterizeuniquelythesimplestpossiblepathsfor physicalbodies,the

free fall paths,aswasfirst shownby Hubert[6]: Fromthepurelygeometricpropertiesof

thePappusfiguretogetherwith the parallelaxiom, Hubertdevelopeda coordinatization

of the plane(Streckenrechnung)that obeys all laws of the realnumberfield, and in
whichthebasicpathsfulfil linearequations(arestraightlines). Nevertheless,thePappus

theoremis not sufficientto ‘xconstruct>>thephysicalspace-time,becausethis theoremis

not generalizablein a naturalway to morethan2 dimensions.

In orderto buildup the inertial structureof the4-dimensional(orhigherdimensional)
space-timefrom an incidencestructure,the simplestpossibility is providedby thesec-

ond fundamentaltheoremof projectivegeometry,the Desarguestheoremwith 10 paths

and l0(nontrivial)points(fig. 2): Jftwotria.nglcs(A,A’,A” and B,B’,B”)are per-

spective[mm apoint 0, theyareperspectivefrom aline (correspondingtriangle sides

meetin collinearpoints(e1,e2,e3)). On the onehand, this theorem(in theplane)is

anecessaryandsufficientconditionfor embeddingthis planeinto ahigher-dimensional

space[6], on the otherhandalsothe Desarguespropertyof a path structureallows, to-

getherwith theparallelaxiom, to developa coordinatizationin which thebasicpaths

arestraight [6]. Therefore,theDesarguestheoremrepresentsthe simplestprocedureto
characterizein anoperativeway an inertial framein 3 andmoredimensionson thebasis
of (freeparticle)pathsandtheir intersections.

Fig. 1. The Pappus figure for straight lines in the plane.
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pe”

Fig. 2. The Desargues figure, here illustrated for the projective geodesics of general relativity,

in two or three dimensions..

The successand the simplicity of this characterizationof the inertial structuresof

classicalmechanicsandspecialrelativity suggestnow to look for a generalizationof

this procedureto generalrelativity, a theorythat likewise can be built on (particleand

light) pathsandtheirintersectionpoints(events)asbasicelements.Theonly globalele-

mentin theaboveanalysiswastheparallelaxiom; it hasto be andwill bediscardedin the

following analysisof thelocal theory<<generalrelativity>>. A <<reduction>>of theRieman-

nian geometryof generalrelativity to themoreelementaryprojectivestructure(of the

freefall paths)andconformalstructure(of light paths)goesbackto the work of H. Weyl

[7]. However,an axiomatic foundationof thesestructuresdirectly U~0fl the free fall

pathsand the light rays,without presupposinga metric structure,wasnot successfully
workedout beforethe seminalpaperof Ehiers,Pirani andSchild [8]. Herein, thecon-

formal structureis basedsolelyon incidencepropertiesof light rayswith an (arbitrary)

particlepath,andon topologicalconnectivityproperties(of manifoldsof light rays). The

conformal<<metric>> g~~(
1c) , derivedtherefromup to agaugefactor ~22 , can then

in principlehe constructedlocally, in agivencoordinatesystem,by 9 light rays. In con-

trast, theprojcctive structurewas definedin ]8] by the standardcoordinate-dependent

property ~-%~ = 0 , andnot by incidencepropertiesor other elementaryan(l operative

factsaboutfree fall paths.

In subsequentpublicationsby thesameauthors19, 101,thegoalofa reductionto more

elementarypropertieswasmentioned,hut no systematicconstructionof this type was

presented.The first purelygeometricandintuitive characterizationof the free fall paths

of generalrelativity was given by Ehlersand Köhlcr 1111: The free fall path structure

is uniquely singled out among thegeneralonesby admittingat eachpoint approximate
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symmetriesthat areinducedby a dilatation,or equivalentlyby a transitiveactionin the
setof projectivedirections(i.e. by maximallocal isotropy).This typeof characterization
was lateralso formulatedin the languageof jet bundles[12], and it was shown [13]

that thedegreeof micro-isotropyof a path structure,that makesit compatiblewith the

conformal structure(accordingto [8]), is alreadysufficient to singleout the free fall
paths.Althoughthesedescriptionsof the freefall structureby local symmetryarguments

arecoordinate-independentandgeometricallyintuitive, andmayhavetheir own merits,
weshouldlike toarguethat a characterizationsolely by incidencepropertiesasgiven by

a Desargues-liketheoremis moreelementaryandfits more naturalinto theschemeof a
projectivestructureandto theconstruction[8] of the conformallight conestructure(for
whichacharacterizationsolely by symmetryargumentsseemsnot to beavailable).

In pursuingthe goal to characterizethe free fall pathsof generalrelativity solelyby

incidenceproperties,someyearsagothefollowing conjecturewasformulated[14]:

THEOREM. Apath structureis afreefall (orinertial) structureif andonlyif for anypoint

0 ofthemanifold M an e~-neighbourhoodcan befoundsuchthat thepathstructure

obeys theDesarguespropertyin order e~.

Here, M is an n-dimensionalmanifold with differential topology; a generalpath

structureis a set of paths(unparametrized,sufficiently smoothcurves)in M suchthat

throughevery point of M and every direction at that point therepassesexactlyone

path. Fulfilmentof theDesarguespropertyinorder eg meansthatthe intersectionpoints
e

1, e2,e3 of figure 2 existup to correctionsof order �~, and that e3 lies on the path
e1e2 up to correctionsof order c~, for all Desarguesconfigurationswhich are confined
to the �,~-neighbourhoodof 0.

That the free fall paths(projectivegeodesics)of generalrelativity fulfil this local

Desarguesproperty,is easilyseen: In an arbitrarycoordinatesystem x~l(a = I ,... , n)

in the c0-neighbourhoodof theorigin 0, a freefall paththrough P canberepresented
by

(1.1) Xa(T) = x°(P)+ TUG+ ~ F~(P)ub(P)uc(P)+ 0(e~),

with uG(P) := ~(P) ,andwhere xa(P) andtheparameterTare of order ~ . If the

local inertial systemat 0 is chosen,theprojectiveconnectionsfulfil F~(0) = 0 , and

F’~(P)= 0(e~),if the F~are C
1-functions.Togetherwith r = 0(e~),the third

term on theright handsideof(l.1) thereforeis of order e~, so thatthe generalpathin

order �~ is givenby thelinearequation

= t°(P)+ Tu’~



424 U. t init.to, IL PFIS1ER

Thatsuchlinearpathsfulfil the Desarguesproperty, is a standardresultof projectivege-

ometry[5]. A proof for thereversefact thatthe local Desarguespropertyuniquelyleads

to the free fall pathsof generalrelativity, was initiated in [14], but not completedin a

satisfying way. A completeproof will now be presentedin the following. In sections

2 and3, thespecialcasewill beconsideredthatthe directionsof thepaths p, p’ p” are

linearly dependentin 0 (seefig. 2). Theexistenceof the intersectionpoints e1 e2 , e3

in order f~ , dueto theDesarguestheorem,guaranteesthat in this casethewholeDesar-

guesconfigurationcanbereducedin this orderto a2-dimensionalsubmanifold.(This is

theso-calledsurface-formingpropertyof theprojectivegeodesicsthatplayedalsoa ma-

jor role in [9] and[10].) As usualin projectivegeometry,the situation in 2 dimensions

is special,andthe mostdifficult to prove. In section3, first a functional equationfor the

central <accelerationfunction>> B( iT) of thepath structureis derivedfrom the Desar-

guesproperty. Then it is proven,that solutionsof this functional equationnecessarily

dependin a linearor symmetricallybilinear form on thecomponentsof ü~.However,

suchdependencescan be eliminated(B( iT) be made identically zero) by suitablepa-

rameterandcoordinatetransformations.As a side-remark,we should like to pointto the

noteworthyfact that the simplestacceleration(or force-)function K0(ub) that cannot

be eliminatedin this way, andthatobeysthelocal constancyof the light velocity in the

form K°tt0 0 , is of the form K°= F°~ubwith an antisymmetricp0b , andthere-

fore is realizedby theonly fundamentallong-rangeforce in nature,electromagnetism.
In section4, theproof for thegeneral3-dimensionalrespectivelyn-dimensionalcaseis

given, which turns out to consistof a simple andmore or lessformal extensionof the

2-dimensionalresults.

In connectionwith the centralrole of the Desarguestheoremfor the foundationsof

classicalmechanics,specialrelativity, andgeneralrelativity, that is the main objective

of thispaper,we shouldlike to addtwomoreremarks:A niceexamplefor thesuccessful

applicationof the Desarguestheorem(and the only oneknown to us from the physics

literature) is the constructionof a <geometrodynamicclock>> (solely with the basicele-

mentsof theprojectivcandconformalstructure)by Castagnino[15], that considerably

simplifiestheoriginal proposalby Marzke andWheeler[16]. Finally, it seemsnotewor-

thy that the Desargucstheoremsuppliesa siniple constructionof spacelikeprojective

geodesicssolelyout oftimelikeones,i.e. out of real free fall paths(andwithout thehelp

of light rays, asis otherwiseusualin theEinsteinsynchronizationprocedure):Already in

a2-dimensionalMinkowski diagramit easilycanbeseenthat it is possibleto choosethe

pathsp p’ p” andall thetrianglesidesof figure 2 timelike,hut the path e1 e2 e3 space-

like, andto construct(in principle)all pointsof thepath e1 e,e~by suitablyvarying the

triangles.
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2. PREPARATIONS

2.1 Coordinaterepresentationof the pathstructure

In orderto shortenthe equationsandto simplify the proof, in this paperonly the 3-

dimensionalcaseof Desargues’constructionwill becarriedoutin detail. Someremarks
for thecaseof an n-dimensionalmanifold will be given in section4.2. Becausewe may
carryoutDesargues’constructionin thewhole ~ -neighbourhoodof 0 , we cancarry

it out in any c-neighbourhoodwith 0 < � < c~. In order to carry out Desargues’

construction,we haveto intersectpathsin an c,~-neighbourhood.So we haveto start
with the equationof sucha path. With respectto anychart,theseconddegreeTaylor

expansionof a pathat a point ~ is

d~ I ~d~& 1 ~d3f
= + r—(0) + —T —(0) + —T

dT 2 dT 6 a~3

withe ~ [0, 1] , and ~‘ representingageneral3-dimensionalvector. Becauseapathis

determinedby a pointandthedirection at this point, thereexistsan <<accelerationfield>>

A( ~, ü) suchthat

This accelerationfield is notuniquelydefined,becauseanotherparameterchoice a( ‘r)
producesanotheraccelerationfield. In the following, one special representativefield

will beused.Becausethepath dependsonly on thedirection at a point, andnoton
theaccelerationfield has the property

A(~’,)~u)= ~2A(~’,fi’) for all)< ~0 -

A seconddegreeTaylorexpansiononly makessenseif

~4(eT) = 2~-(A(~(
T)~~(T)))(eT)

exists. Thereforeit is appropriateto requirethat ~ and ~A exist.

Now we chooseapreliminarychartby taking threepathsof thepath structure,that

intersectat apoint 0, andwhosetangentialvectorsarelinearly independentat 0. We

takethesepathsas axesof achart. Becausethe axesaregivenby the equations

x~(T)=TiT~+r
2A(O,ü~)+0(T3) h= 1,2,3

with iT
1 = (ut 0,0), ü’2 = (0, , 0), iT3 = (0,0, u

3) , the accelerationfield has the
property A’(O, iT

1) = 0 for i ~ j. The scaleon eachaxis canbe chosensuchthat

A(O~,iT~)=0 for all i= 1,2,3.
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Takenow two points P, Q in an c-neighbourhoodof 0 . Then thereexistsoneunique

path,connecting P and Q. Theequationof this pathwill now hederived. Theequation

of apath,starting at P with velocity iT is

= + cp~+ c
2p2A(.f~, ~) + 0(�~t

BecauseP lies in the c-neighbourhoodof 0 it follows

A(~~,iT)= A((,iT) + O(o.

With B(iT) :=A(0,iT) wcgct

= f~,+�pfi+ c~p2B(iT~+ Q(~3)

By demanding~(c) = we get theequation

In orderto solvethis equationfor iT, take iT = iT
0 + CiT1 + hen we get

tL() = ,u~= —B(u~.
C

Therefore,to secondorder, theequationof a paththrough P and Q hasthe tonii

(2.1) ~(�p) = .~+ p~+c
2p(p-- I) +

with ~ := -~ , and p restrictedsuchthatthecurvedocsn’ t leavethe c-neighbour-

hoodof 0.

B( iT) hasthe following properties:

(2.2) B(a,O, 0) = B(0 , u,0) = B(0,() u) = 0 for all u E I~

(2.3) B(~iT)

(2.4) B is continuous.

(2.5) 0cB(iT) existsfnr all iT E

ln orderto describeDcsargues~construction,it is necessaryto constructthe intersection

of two generalpaths(if suchanintersectionexistsat all). Giventwo paths

= ~p+~V+ c2p(p—l)B(~) + 0(c’)

~ av~+c2a(G l)B( —) + 0(~
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intersectionmeans

+ p~+c2p(p — 1)~(~)
=~, + at~+ c2a(a — 1)~(~)+ 0(�~).

In orderto solvethis equation,expandp and a with respectto �

p= p~+ �p
1+ ... ,rr = a~+ �a1+ ...

Then,the termsof order � give

(2.6) + Po~
1p’ +

andthetermsof order f2 give

(2.7) Pi~ at~= Po(po — I)~(~)+ ~(a~ —

Obviously equation(2.6) cannotbe solvedfor all ~ f~JO,,iT,V’E R3 . In order that
equation(2.7) for Pt and a

1 canbe solved,the function B has to fulfil appropriate

conditionsto which we comebackin section2.2. If theseequationscanbe solved,the

point of intersectionof order �2 is

(2.8) ~inters ~p + (Po + ep1)il+ ~
2Po(Po — l)~(~)+ 0(�~)

2.2 Construction of a 2-dimensional subspace

If we taketwopathsp and p’ ,which intersectat onepoint 0 ,Desargues’construc-

tion canbe usedto define a surface.This surfaceis definedby the following property:

anypointof the surfacecanbe reachedby a path connectinga point on thepath p and
anotherpoint on the path p’. ThenDesarguespropertyrequiresthatthis surfacereally

is a2-dimensionalsubspace.
If theDesarguespropertyholdsfor agivenpathstructure,we canchoosein particular

p as x’-axis, and p’ as z2-axis.On thesepathswe choosethepoints

A= c(1,0,0), B= c(—1,0,0)

A’ = �(0,a,0), B’ = c(0, 1,0)
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with a ~ R and 0 < � �0 . The intersectionpoint of A.4’ and B~B n3list exist.

Accordingto cqnation(2.6) we havethenin order

7lPo\ / ~°o

( ap0 ( I
\ 0 / \ 0

Therefore we get

2 I—a
p)) = — and a0 =

l+a l+a

Accordingto equation(2.7) we havein order e~

a Pt + PO(PO — l)B( --I aU) =

\ 0 /

—l a~+ a0(a0 l)I3(~1--l,0)

(1 /

The third componentof this equationyields

B
3(—1,a,0) = —aB3(---l,--l,0) = —aconst

With equation(2.3) we get

(2.9) B3 (at , u2 0) = I-~at ~2 with F
1

3 = const

Herewith it can be shownthatthecoordinatesof a point ~ that lies in the surface P
1 2

which is definedby the x
t -axis andthe ~2 -axis, havethe form

(2.10) ~=(It,x2,Fi~Iux2).

We canusetheproperties(2.9) and(2.10) to siniplify theequationof a pathconnecting

two pointsof order � that lie in the surface P
1 2 - To this endwe changethe chart(in a

waythat leavesinvariantthe axes).

‘1 1 ‘2 2

+ =+ + =+

= +~ —
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In this chart, theequationof a path throughtwo points P, Q (order c) of the surface

P12 is

/BI(~,~,0) \
(2.11) ~(cp)=~~+pi

7+c2p(p—I) ( B~(~,~-,0)) +0(c~)
0 /

.th
~

Wi V ._XQXP.

ProofTheequationof apath throughthetwo points P and Q is

(2.12) i(cp) = + p~+c2p(p — l)~(~)+
with ~ = — . Because~ = (vi, v2 , 0) + 0(c2) and B is differentiablewe get

~(~)~((v1~v2~o) +0(c)) =~(~~0)÷o(c).

If we insertthis resultinto equation(2.12)it follows

~(cp) = + ~iT+ ~ — l)~ (~, ~~o) + Q(~3)

= x~~+piT+c2p(p—1)(Bt,B2,f~2)+0(c3)

Now we haveto transformthis equation.

x”(cp) = z1(cp)

z’2(cp) =

x’3(cp) = x3(cp) — T
1

3
2z

t(�p)x2(cp)

= x~.+ p(x~ — z~,)+ p(p — l)F~

(4~—x~)(z~—x~,)

—F~
2[z~.,+p(x~—x~,)+0(c

2)]

+ p(x~—z~)+ 0(c2)] + Q(~3)

=z~,—Fi~2x~,x~,

+ p[(x~ — F
1~z~z~)—(4,—F1~4,4,)]+ 0(�~)

= + p[z’~ — x’,~]+ Q(3)

Becausewe useonly thenew chartin the following, the coordinatesof it will againbe

denotedby x’.



430 U. I hI)ii.Ri, H i’i’iSiiiR

3. PROOF IN 2 DIMENSIONS

3.1 Derivation of a functional equation

In this chapterwe just regardpoints P, Q with +~= +~,= 0 , andpathsthrough

thesepoints. Becausethe third componentof sucha path is zero accordingto equation

(2.11),we candrop the third coordinatein this section. A further simplification of this

equationcan be achievedby asuitablechoiceof theparameter.If v
2 ~ 0 . choose

B2
pa—c2a(a—l)

This yields

f(cp) = + ~ (vl ~ + �2a(a — I) (B _~B2 ~ +\~+~J \V / 6 /

with ~7= — ~,. Define now

b(ui a2) ~ Bi( u1, a2,0) — ~B2( ui , a2 0) u~~ (1
[—u1a~

2B
2(u1 0,0) :u = I)

Accordingto theproperties(2.2) - . . (2.5) of B, b is continuousfor all iT and (lifferen-

tiable for a2 ~ 0 . Then theequationof a path is

g(�p)=

We see,that this equationalsoholds for v2 = 0 . Becauseof B( hiT) = ~2 B(iT).

b(at , a2) fulfils the following equation:

= ~2b(ui,u2)

Define:

g(+) := b(I,+)

Then

1) (v1)’ g (~) = c2b (Vt ~_) (fore’ ~

2) g is continuous.

dg
3) —( +) exists(al least) for r ~ 0

d~
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Now, the final equationof apath throughthe pointsP Q of order c is in secondorder

= { x~+ ~U+ P(P — 1) (vI)
2 (g(~)) + Q(~3) ;v1 ~ 0

(iT= XQ —

In thefollowing we carryOut Desargues’construction,in orderto determinethefunc-

tion g.

It turnsout to besufficientto considerthe following special case:

p:x’—axis; A=�(l,0); B=c(—1,0)

p’ : z2—axis; A’ = c(O,a); B’ = c(0, 1)
p” : path OA” : A” = c( 1, 1); B”anywhereon OA”

BecauseB” liesanywhereon OA” it has thecoordinates

B” = e(c,c) + c2c(c— I)(g(I),0) + Q(~3), c ER.

Determination ole
1 by intersection of AA’ and BB’:

AA’ : ~(cp) = �(l_P) + ~2~(~_ 1) (~(_a))+ 0(�~).

B~B:~(ca)=c(1a)+c2a(a_I)+(~~)+0(c3).

Intersectionyields

p=

1—a 2a(I—a)
(3.1) a1c(1)3(g(a)+ag(l))+...,

el = ~ (~)+ 2 2a( a) (~(_a)+a~U) + 0( ~3)•
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Determinationof e
2 by intersectionof AA” and BB”

AA” : ~(cp) =c (I) + 0(c~

(_l + (I + c)a ~ 2 (g( I)
BB :x(ca)=c +c c(c.- l)aI

ca / ‘~ U

+ c
2a(a— I)] I + c+ cg( I )c( c — I)

(g (i+~~) ~ +

0 /

Becauseof g( + + �h) = g(+) + 0(� ~g is differentiable),ii follows

BB” : ~(ca) =� (—I + (I + c)a) + ~2ac(c -. I) (g I) ~
ca , 0 !

+ c2a(a — I)] I + c]2 (g (C) ) + 0( �~

Intersectionyields

2 2(1—c) c
a

1 (l+c)
2 (cg(l_l+c)g~~_))+....

p = ca

(3.2) ( i
e

2=c( 2c

2
2c(l —c) ( (I 3

� (1+c)3 ~c(1+c)g(l)_(l+c)2g(~~)) 0(� ).

Determinationof e
3 by intersectionof A’A” and B’B”:

A’A” : ~(�p) =c ( ~ ) + �
2p(p— I)

• a+(l—.a)p

(g( l~a)) + Q(~3)

7 ca /g(I)
B’B” : f(ca) c ] + c~ac(c—I)\1+(c—l)a/ \ I)

+ c2a(a— l)c2 (~ (el)) + Q(
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Intersectionyields

c(l —a) c(1 —a)(c—1)2

1—ac ~ (1—ac)
3

(9(1 —a) —(1 —ac)g(i) —acg(E_±))+

I—a c(i —a)2(c— I)+f

1—ac (1—ac)3
(3.3) c—i

(g(l —a) —(1 —ac)g(1)—acg (—)) +

c ( c(l—a) “~ 2c(l_a)(c_l)e
3= t I+c

1—ac \a+c—2acj (1—ac)

(-g(i —a) — ~_g(~1) — 4~cg(i)\~ + 0(~~)

~g(i —a) —acg(~-)—(1 _ac)g(I))

ApplicationofDesargues’condition:

Desarguesrequires,that e3 lieson the paththrough e1 and e2. The path through

e1 and e2 has the equation

~(cp) =c(1 —p) (_~:)+~~(~)
2 2a(I —a) (g(—a) —g(l)~c (1 _~ (1+ a)

3 ~g(—a)+ag(l)

2 2c(c—1) ( 0
C ~ (l+c)2 ~cg(l)—(1+c)g(~)

~ ‘i~a~z ~ +0(~~).

Theconditionis, that there exists a p = Po + cp
1 + ... such that

This conditioncanbe separatedinto order c andorder c
2 terms.

The equationof order e is

/ 1—a

‘~‘~)(1 Po) + ç.a~~)~o= ( ____
1s.c \ I—sc
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andhas the solution

(I + c)( 1 — a)
2(1—ac)

Theequationof order �2 is

(_~:)(~)+(.~)Pi
i+o i+c

—a) —(a+ l)(c— I) (g(—a) —g(l
(1 + a)3 2(1 — ac) ~g(—a) + ag( I)

~2c(1 —c)(l+c)(I —a) ( 0
(1+c)2 2(I—ac) ~cg(l)—(1+c)g(~~--)

+ 4 (l+c)(a+ 1)(1 —a)(c— 1)
(1 + a)2 4(1 — ac)2 \\ (I

c( I — a)2(c— 1)2 (~~C~fg(1— a) ~(LL) — )—~g(1)

— (1 — ac)3 ~g(l — a) — acg(9) -. (I — ac)q( I)

Thesearc two equationsfor oneunknown p
1 . So,a solutiononly existsif theseequa-

tions arelinearly dependent.This yieldsthe following condition:

c( I — a
2)g( I — a) + ac2(c— l)( I + a)g (~J)

(3.4) —a( 1 — ac)g(—a)

+( I — ac)( I + a)c( I + c)g (~)— (c — a)( I + c)q(
l+c 1+c

=c(1+2a)(l —ac)g(l)

This equationdoesnot hold for all a, c E R - a, c must fulfil the following conditions:

First of all, g( +) might not be differentiableat + = U - In deriving theequationof

a path through two points, we usedtheproperty g(x + ch) = g(r) + 0(c) in some

places.So we haveto guarantee,that in thesecasesx ~ (1 . This yields therestrictions

c1O,c~I and c~a.

Otherrestrictionsresultfrom the fact, thatthe points A, . . . B’ must be chosensuch

thatthe intersectionpoints e
1 , e2 and �3 lie in the c0-neighbourhood.

Accordingto equations(3.1), (3.2) and(3.3) thesepoints havethe forni

= c~’~ + ~2 (1 ~)3 + 0(c
3), i = 1,2,3
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(For example~ = ac for e3). a~and b3 dependon a and c, but are finite vectors.

In someexpressionsb~thereappearsg in the form p
2g( ~) , which is not definedat

p = 0. But

lim~
0p

2g(~) = lim~~
0b(p,~) = b(0 , ~) = 0.

Now we haveto look for the restrictionson ~. It is clear,that ~ mustnot be 1. If ~ is

nearto 1,that means~= I — 6 (without anyrestrictions ~ < c~< 1), theexpression
= .~ may increasein suchaway, that ë leavesthe �~-neighbourhood.This can

be avoidedby a suitablechoiceof � < c~: Choosec = , then we get

= 6iT~ + 8b1.

Choosing � = 62 means the following: Onetakes an c-neighbourhoodwithin the

�0-neighbourhood.In that c-neighbourhoodonecarriesout Desargues’construction.

Becausethepathsarenearlyparallel,theintersectionpointsleavethe c-neighbourhood,

but theyremainwithin the c~-neighbourhod.

We seetherefore,thatequation(3.4) holds for all a, c E IR ,exceptc = 0, c = 1, c =

a,a=—1,c—1andc~.

3.2 Solutionof the functionalequation

It is easyto seethat g(x) = g( 1) = const fulfils equation(3.4). Now define:

f(I —x) := g(~)—g(l).

Then f is continuousanddifferentiablefor all z ~ I . Equation(3.4) transformsto

0 c( 1 - a
2)f(a) + ac2( 1 + a)(c - 1)f

(3.5) —a(1 — ac)f(1 + a) — (c—a)(l + c)f
\1+c

+(1_ac)(l+a)c(l+c)f(~
c

This equation holds for all a, c E K except a = —1, c = — I, a = ~, a = c, c = 0 and

c I . But these restrictions can be dropped because f is continuous.

f(x) fulfils f(z) =

Proofi a = c in equation(3.5) yields

k(a) := f(a) _a2f(i) = f(1+a) _(l+a)2f(~).
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k has the following properties:

(3.6) k(l+a=k(a).

(3.7) k( I) = 0 - Therefore k is continuous, because

liin~_,0k(a) = IimQ,0 k( I + a) = k( I) = 0.

(3.~) Thereexists M > U with k( a) < Al for all a E ll~

(3.9) k( a) = —a
2k (1).

Insertionof a = I into equation(3.5) leadsto

c27(1) ~c(I+c)fH) =-~~2+ ~
Therefore

(3.10) _a2f (~) + a( I + a)f (~) = ~f(2) - ~ ~_~••-

Insertion of c = I mb equation(3.5) leadsto

(3.11) f(a)

Add equation(3.10) andequation(3.11)

a 1 2 ‘)--a~’
k( a) — ~k( I + a) = —k(2) +

I+a 2 1+a \ 2 )

With properties 3.6) and(3.7) onegets

71+ a
k(a)=2k~—~-——

Thercibreit holds

k(a = k( I + a) = 2 k (I + (1 + a)) = 2 k + = 2 k (~)
If one applies this equation n times one gets with property (3.~}

k(a) = 2” k(~)= —2” k

This leads to
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a
2

2n 2
0 < k(a)j = lim —k(—) <M- lim ~— = 0.

n—.~2’~ a n—~x2’~

Thereforeit holds k(a) = 0 and f(a) = a
2 f(’).

Usingthis property and oncemorethe fundamentalDesarguesfunctionalequation

(3.5), it is possibleto prove f( x) = ax with a = const

Define:

F I JLI.~. forx~0

( l~(0) forx=0

F(x) := ~(x) — ~(2)

Then F has theproperties

(3.12) F( I — x) = F (1 — ~) F(u) = F (-~-~).

(3.13) F is continuous.

(3.14) F(2) = 0.

With f(x) = x(F(I —x) + F(2)) and f(z) = x2f(~),equation(3.5) reads

(c — a)F ~ ac( I — a) F( 1 — a) + ac( c — I) F( I — c)
(3.15)

— a( I — ac)F(—a) + c( I — ac)F(—c)

BecauseF is continuous,this equationholdsfor all a,c E R.
For c = I onegets

a(F(1 —a) —F(—a)) = F (~) — F(—I).

Insertionof a = —1 into this equationyields F( —1) = F( 2) = 0 , andtherefore

(3.16) c(F(1_c)_F(_c))=F(~)=F(~).

becauseof property(3.12).
For a= —I ,equation(3.15)reads

(3.17) F(I —c) + F(—c) = c(F(1 —c) —F(c)) = F (~)
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Subtractionof ( ~. (3.16) front (3.17) resultsin

(3.18) 2F(—c) = (I — F (~
\ c/ \I+c

(3.19) F(a> = F ~
2 a

l+a I I+~t~ (I+~-~
~ F~”

1

(3.20) = —~ F( a)

l+a

Comparisonof) 3. l~))with (3.20) yields

I a+1 a
F( a) = — F( a)

2 a l+a
Thereforeonegets F( a) = 0 and f( +) = ar with a = const

Result.Becauseof g( +) = f( I — r) + g( 1) , we canwrite

g( +) = ~ + — I~~2 ( r~, l~~2= const

Therefore,theequationof a paththroughtwo points P Q of order � is in secoiid order

/ ~. it ~ — F (~/)# ~

~(cp)~p+p~+p(pI)~ 0 )+0)c

With ~ -• [Ep.

Ta. ,:lramctcrtransformationp = a + a( a — I) F2 v yields

= ~+ p~+p(p— I) ~ (F) +

~‘~heacceleration part canbe eliminatedby thetransformation

= .+~— F1 Tt+2 +~2= +2 ‘2 +t+2

(which leavesinvariantthe axes).

For the first coordinatewe have

(�p) +~( cp) — I’, r~( �p)~2 ~cp)

—

With a similar proof for thesecondcoordinate,the equationof apath throughtltc points

P Q is in secondorder

r~ep) = ~‘p + P(~Q— ~p) + 0(�)
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4. EXTENSION TO HIGHER DIMENSIONS

4.1 Proof in 3 dimensions

•We•haveprovedup to now that thereexistsa chart KS
12 with thepropertythat the

accelerationpart of anequationof a paththroughapoint P on the x
1 -axis and a point

Q on the x2 -axis (bothof order �) vanishes.Thatmeanstheequationis

~(�p) = + p( i~ — ii,) + O( ~3)~

EquivalentlythereexistchartsKS
23 and KS13 . Becausethetransformations,needed

to get KS~5, didn’ t changetheaxesof thecharts,the transformationwhich transforms

KS2,3 into KS12 doesn’tchangetheaxes.
Let x’ be thecoordinatesof KS12

x” bethecoordinatesof KS23

then x’ = ax” +

17k x~3x~tC+ ... is the transformationKS
23 —, KS12

Becausethe transformationdoesn’t affectthe axes,we have a = 6 and F,’, = 0
for i ~j.

In KS23 the equationof a path which passesthrough P = c(O,p’,O) and Q =

c(0,O,q’) is

(4.1) ~(cp) = c(0,p’,O) + cp(0,—p’,q’)+ 0(�~)-

Thereforein KS12 theequationis

a ‘j ‘k
x (cp) =x (cp) + VIkI (cp)x (ep)

Ii 6 3=‘p+P(XQ—Xp)+O(� )

+ 17k[
4+ p(z~ — x~,) + 0(�~)]

[x~+p(x~—x~)+0(c3)]

=4 +

(4.2) + p[(x~ — “jk x’,~4)—(4+ [7~4x’~)]

+ p(p — l)F,’k(x’~ — x7,)(x~ — x~)

+ p(p — I)17k(x’~— 4)(x~ — x~) + Q(~3)

+ p(p— 1)’7k (x~ — x~~)(4— x~)+ 0(c~),
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becauseof

Finally the equationof a path through P and Q in KS
1 .2

±1cp) ~ + p i~

r

+ p(p — I) v
2v3 F~

3

L F,),

/(~\ /0
+ (v

2)2 ( F~ + tv3)2 ( ~
• \\0// •

+ ~

with

~ 1Q _~p = (0—p’— F~p’2,—q’—

Theparametertransformationp = a — a( a -— I ( F.), v3 + ~-,2,v2) yields

= x~+ av+ a(a — l)v~v 23 + ()(~‘)

with

~23
= F~

3F33

F23 F2), —

In an equivalentway we see,thattheequationof apath which passesthrougha point P
(order � ) on the r~-axis andapoint Q (order � ) on the r

3 -axi.s , has in secondorder

in KS
1 .2 the fom~

‘~I3

~(cp) = ~p+p~+P(p l)v
1v3 F

13 +

F
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LEMMA I. In a chart KS~2defined by the transformation

li_ i f-i 1 3 f-i 2 3x — x — 13x x — X

the equationof apath through twopoints P,Q of order e on anyaxeshasin second

orderthefomi

x~cp) = x”p + ~(x~ — z~,)+ 0(�~).

Proof.~First of all we see,that thepoints ~ with x~= 0 are not affectedby the

transformation,soit is clearthat the equationof a paththrougha point on the x
1 -axis

and a point on the x2 -axis is notaffectedby the transformation.
Now let us treata path througha point P (order c) on the ~taxis and a point Q

(order �)onthe x3-axis.
Becausethe secondcomponentof the equationof this path is in KS

12

x
2(cp) = p(p— 1)vtv3F~+ 0(�~)= 0(c2),

thepart F~
3x

2(cp)z3(cp)= 0(�~)doesnot affect the transformationof this path.

Thereforethe transformationof this pathyields

x’~(�p)=x~— F~
3x’(�p)x

3(cp)+ 0(�~)

+ p (x~ — x~,)+ p(p — I)F~
3(x~ — x~,)(x~ —4)

— Ft3(x~+ p(4~—4)+ 0(�2))

(x~,+p(x~—x~,)+0(c2))

+ 0(�~)

=4+p(x~—4)+0(�
3).

The path through a point on the x2 -axis and a point on the x3-axis canbe treated
equivalently.

Finally we prove that in KS~
2theequationof a paththroughanytwo points P and

Q of order � is in secondorder

‘~cp)= + P(~Q- “n) + Q(3) -

In chapter2 we derivedthat thegeneralform of this equationis

x~cp)=x’~,+ p(~Q—
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DuetheaboveLemma,we seethat B has the following propertyin KS~

B(0,u
2,u3) = B(u’0u3) = B(ut,u2,U) = (I

for all ~ , ~ , u~E K . Now we carry out Desargues’constructiononce again. We

choose

p : rt-axis

p’ : x2-axis

p” : x3-axis

and the points

A = c(_
2ut,0,0) B = c( —u

1,0,0)

A’ = c(0u20) B’ = �0), ~,U)

A” = c(0,0, —2u3), B” = OO~

Intersection of AA’ and BB’

AA’ : ~(cp) = (_
2ui,O,O) + p(2u

1,u2,0)]c+ Q(~3)

(4.3) 2
BB’: ~(ca) = [(—u10,0) + a(u1, ~,0)Ic+ 0(c’)

Intersectionyields (p = —I, a = —3

= (—4u1 u20)c+ 0(�~)

Intersection of AA” and BB”

AA”: ~(cp) = I ( —2u1 ,0,0) + p(2ui 0, —2 u3) Ic + 0) ~3)

BB”: ~(ca) = I(—u1,0,0) + a) ut() ~)]~ + 0) c’)

Intersectionyields ( p = — ~- , a = —2

�2 = (3 ~ , 0, u3 )� + Of �~)

Intersection of A’A” and B’B”

~(cp) = [(0, , (1) + p0), —a2, —2 a3) k + 0(c)

B’B”: ~(ca) = [(0, ~,0) + a(0, —~, —~) Ic + O~e’)
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Intersectionyields(p = —2 , a = —8 )

�3 = (0, 3u2,4u3)�+O(�~)

ApplicationoftheDesarguescondition:

Thepaththrough e
1 and ~2 hastheequation

4~’ lii

1(�P)=c( ~2)+�~(~2) +c
2p(p—I)

/B (u it ,u
B~(u’,u2,u3) + O(c~).

B (a a ,u )

If u2 = 0 then B = 0 (alreadyproved).If u2 ~ 0 then theparametertransformation

B2(ut , a2, u~)
p=a—ca(a—1) 2

IL

and thedefinitions B’ := B’ — ~B2 yield

4~1 u1

~(ca)=c ( _~2 ) + ca~ + c2a(a— 1)

/ Bt(ul a2 a3) ~

0
B~(a’,u2,u3) )

Now Desarguesrequires,that thereexisLsa a such that e
3 = ~(ca) . From thesecond

componentit follows that a = 4 . If we insertthis resultinto theothercomponentswe
get = = 0 . ThereforeKS~2representsachart,in whichtheequationof apath

through 0 with anydirection fulfils, with a suitablechoiceof parameter,

(4.4) ~ = 0

dr
2

Butthis isthe standarddefinitionof a geodesicpath structure.

4.2Remarksfor the n-dimensionalcase

In this sectionno sumconventionwill be used.
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For an arbitrary n-dimensional manifold a 2 -dimensional suhspacecan he con-

structedin the santeway as in section2.2. In section3 it wasprovedthat a chan KS
12

can be chosen,in which the equationof a path connectinga point P on the .r
1 -axis

andapoint Q on the T2 -axisin order �2 hasthe form

(4.5) ~(�p) = ~,+ P(XQ T~)+ O(�~)

where ~ is a general n-dimensionalvector. Equivalentlyto calculations(4.1) and(4.2)
it can be shown that in KS

12 theequationof a path connectinga point P on the

f-axis and apoint Q on the r
3-axis ( i < j < n ) hasin secondorderthe Ibnu

g(ep) = + p~+ p(p — I)v’v’ + Q) 3)

I..
‘3

with ~= — ip~

in thechart KS 2 defInedby the transformation

:= x’ — ~ F~

1 1k11 ~i2 =

k<I

theequationof a path,connectinganytwo axesof the chart,hasthe form (4.5). (~1’hisis

thegeneralizationof LemmaI.)

In orderto prove with inductionthat in KS ,2 the equationof anypath connecting

two points in the c-neighbourhoodof 0 hasthe form (4.5),define thesubspaccs

= 0 for I ~ Li,..., ~k} k < n.

To prove that if for all i~, , ~ n theequationof a patti connectingtwo points

Q E P, of order � hastheform (4.5), this alsoholds for a pathconnectingtwo
points P, Q E ~,, ‘~k’

1k.l we cartyout Desargues’constructiononceagain. We choose

the points

A = �(0, . . . , —2 u” , 0 0, —2
13’Z ,

0, _2u’k 1,0,...)

A’ = c(0 ,..., a’k,0, . ..)

and A” = �(0,..., —2 U’k , 0, . . .
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andthepaths p = OA,p’ = OA’ and p” = OA” . On p,p’ and p” we choosethe

points

0,_u’~I,0,...)

B’=

and

The calculationthen runsequivalentlyto equations(4.3) up to (4.4).
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NOTE ADDED IN PROOF

A correspondencewith J. Ehlersshowedthatsomepoints in this paperdeserveclar-

i flcation:

a) In theTheorem(in the Introduction)we haveto makeexplicit what it meansthat

two pathsmeetup to correctionsof order c~: We consideronly path structureswith

smoothnesspropertiessuchthatfor anypoint 0 E M thereexistsa neighbourhoodU0
in which thesuitably parametrizedpathsthrough0 induceaone-to-oneexponential

map P = exp(v) betweenthevectorsv E T0 andthepointsP E U0 . Withoneofthe

(equivalent)normsin T0 we define �~= suppp,�u0 exp— ‘(P) — exp— i(pI) ~. Then

two paths ~ ~2 in U0 meetup to correctionsof order �~ if their minimal distance

d = minQf,,,Q2E~2Hexp~(QI)— exp
1(Q

2)II fulfils d = O(.\~) for c~—~

and ~ —* 0.

b) In the beginningof section2.1 it is statedwithoutproof thattheaccelerationfield

A fulfils A(~,)~u)= )~
2A(±,ü) for all )~~I 0 . A more precisestatementwould be

that in theclassof equivalentaccelerationfieldsfor agivenpathstructureonecanalways

find a field with this property. This can be provenin the following way (analternative

proof in the languageofjet bundlesis givenin [13]):

A path may be given as the traceof thecurve ~(~), definedby the initial value

problem ~(0) = ~~,~‘(0) = i with ~ = I, and ~= 2A(~) ,where - denotes

thederivativewith respectto T. However,becausea pathis alreadyuniquely defined

by a point and a direction at this point, thecurve ~(a) , definedby the initial value

problem ~0) = ~, çU~())= )~-lj ),_l~(O)= 6, ~“(a) = 2A(ç,ç’) (‘ denotes
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thederivativewith respectto a )hasthesametraceas ~‘(‘r) , i.e. thereexistsaparameter

transformationa( ‘r) suchthat ~( a( T)) = ~( T) . Therefore ~ = = ç“~2 + j ‘~ =

2 A( ~, ~ ~ + ca = 2 A( ~, ~) - Evaluatingthisrelationat T = 0 . it follows thatthere

cxistsafunctionf(f,v~) with 1 2A(~
0,il/t —A(~0,1T= f)i~33,f~). Thenthe

accelerationfield A(~, OD : ~
2A(~, ~/IH) fulfils A(~, )>~)= 1) ~, t~). and .4

representsthesamepathstructureas A, becausethecurve ~(a) T)) definedh\ ~( 0) =

= ~, ç” = 2A(c,~) and a(0) = 0,à(O) = I, h =

is identical to thecurve ~(~) definedby f’(O) = t’~,f~(0)= f~,f~=2A( ~,f)

We should like to thankJ. Ehlersfor his critical remarks.
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